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Consider a set of physical systems, evolving according to some global dynamics yielding another 
set of physical systems. Such a global dynamics / may have a causal structure, i.e. each output 
physical system may depend only on some subset of the input physical systems, whom we may call 
its "neighbours". We can of course write down these dependencies, and hence formalize them in a 
bipartite graph labelled with the physical systems sitting at each node, with the first (resp. second) 
set holding the global state of the composite physical system at time t (resp. t'), and the edges 
between the parties stating which physical systems may influence which. Moreover if / is bijective, 
then we can quantize just by linear extension, so that it now turns into a unitary operator Q{f) 
acting upon this set of, now quantum, physical systems. The question we address is: what becomes, 
then, of the dependency graph? In other words, has Q{f) got the same causal structure as /? The 
answer to this question turns out to be a surprising: No — quantum information can flow faster 
than classical information. Here we provide concrete examples of this, as well optimal bounds to 
the extent this can happen, both for single steps, and for asymptotically many. These bounds are 
strongly related to the dependency graph of the inverse function f~^. 



Introduction 



In classical as well as in quantum cellular automata a key issue is the structure of neighbourhoods, i.e., of the causal 
relations between cells. In either case the system is decomposed into many cells, and there is a global dynamical rule 
/ by which all the cells are updated simultaneously. The crucial condition is that in order to determine the state of 
any cell after the time step, it suffices to know the state of just a small group of cells, known as the neighbourhood 
of the cell. By definition, the neighbourhoods of all cells are properties of the global transition function /. For a 
reversible automaton, which is the only kind considered in this paper, we can also look at the neighbourhoods of the 
inverse f~^. Remarkably, there is almost no relation between the neighbourhood schemes of / and f~^. Indeed, in 
lattice dimensions > 2 it is undccidablc whether a given rule / is invcrtiblc, which means that there is no computable 
function constituting an upper bound on the neighbourhood size of f~^. 

To every reversible classical cellular automaton we can associate a quantum cellular automaton, by just considering 
the classical configurations as the labels of a Hilbert space basis and taking the classical rule / as a permutation of 
the basis vectors, and hence a unitary operator Q{f). According to the rules of quantum mechanics such a unitary 
operator implements a transformation of quantum states and observables. The classical system is always included 
in the quantum system by restricting the observables to the operators that are diagonal in the configuration basis. 
This allows us to invert the construction: if a quantum cellular automaton has the property that it maps the classical 
algebra to itself, we can find a classical cellular automaton / so that Q{f) is the given automaton, up to some phases. 
For quantum cellular automata we can also form an inverse, and define neighbourhoods as in the classical case. The 
first surprise here is that in the quantum case one can compute the neighbourhoods of the inverse directly from the 
neighbourhoods of the forward automaton, without using any further details of the system (see propositon[3]below). 
Accordingly, it is possible to decide whether a proposed local rule defines a reversible quantum cellular automaton 
by checking some explicitly known finite set of conditions. This is especially surprising in view of the direct links 
between the classical automaton / and the quantum automaton Q{f). Partly the mystery is resolved by observing 
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that in order to even define the unitary operator Q{f), the reversibihty of / must be clear. Thus the neighbourhoods 
of Qif) '^ill depend on the neighbourhoods of both / and f~^. They must be larger than either of th em, bu t not 
arbitrarily: we can bound the quantum neighbourhood by suitably combining both classical ones (see [SW04l | and 



Prop, m below). The bound suggests that in some cases information transmission by Q{f) may be up to three times 
as fast as by /. We tried to construct such examples, but as it turns out, this is not possible in the long run, and the 
quantum neighbourhoods of large iterates of Q{f) do not grow as fast as the neighbourhood of a single step suggests 
(see Theorem [1]). 

When studying these problems we found it helpful to adopt a very abstract approach to neighbourhood schemes, 
dropping some of the typical assumptions of cellular automata theory. In particular, we do not assume translation 
invariance, or even cells of equal size, and allow the system of cells to be entirely different before and after the time 
step. We also found that the finiteness of the lattice of cells, of local alphabets, and even of the neighbourhoods plays 
a subordinate role. What remains is a theory of dependence relations in classical distributed and reversible function 
evaluation. 

The article is organised as follows. Section H] introduces the vocabulary. In section |lll we are going to expose our 
main results. The first one. Prop. [4l gives a boun d on th e quantum neighbourhood which is a both an improvement 
and a generalization of the formula to be found in [swo|. The second one, theorem[T] gives a bound on the quantum 
neighbourhood in the case of composition of several steps. It should be noted that it is not only a statement on a 
fixed dynamics — because we do not require the composed steps to be equal. In section IIIIl we are going to prove 
that these results are optimal by giving examples where the bounds are attained. 

Let us summarize the main points of interest. 

• Quantum information can jump unboundedly further than classical information. This typically requires prior 
entanglement shared between parties. 

• We give optimal bounds on this quantum neighbourhood as a function of neighbourhood of / and the neigh- 
bourhood of the inverse function . That the size of the neighbour hood of the inverse fun ction is unbounded 
is a classical result in cellular automata theory which we owe to Kari |Kar9lLlKa^ . lKar9(ij . 

• The transmission of messages in iterated quantized dynamics follows a very strict protocol. First the message 
has to follow the "frontdoor's" way: at this stage the message is still classical. Then there is a transition, and the 
rest of the travel is made along the "backdoor's" way, which is usually outside reach for the classical dynamics 
— but is in a sense dual to it. 

• When iterating a function, quantum information can flow asymptotically faster than classical information, but 
it cannot flow asymptotically faster than both classical information and time-reversed classical information. 

• Therefore in the case of an evolution with a proper time symmetry, quantum information cannot flow asymp- 
totically faster than classical information. 



I. GENERALIZATIONS 



Let X and Y be two disjoint sets of points. For each s € X UY , a (finite) set of letters is given. For a subset 5' 
of X \JY, let Eg denote Yi '^s- these are the words on S. When T C S and w S E5, wt will denote the restriction 

of w on T; if T is a singleton {s}, we will also denote it Ws- Let / be a function from E^ to Ey. 

Definition 1 The dependency graph of f is Gf = {X UY, E), where the set of edges E is defined as follows: E is 
included in X x Y , and there is an edge from x & X to y ^ Y if and only if there are two words v and w in Ex such 
that vx\{x} = wx\{x} and f{v)y ^ f{w)y. 

In informal terms, we put an edge from x to y if Wx is needed to know f(w)y. 

The in-neighbourhood of a point y € Y, denoted J\f^{y), is {a; S X/ {x, y) € E}. It is the set of points which have 
an influence on y through /. In this way, A/j" is a function from y to *P (X), and it bears the same information as 
the graph G/; such a function is called a neighbourhood scheme. 

The out-neighbourhood J\f^ is defined as the inverse of A/'j^, that is, for x ^ X, Mj*{x) = {y £ Y/{x, y) E E}. It 
is the set of points on which x has an influence through /. 

When Af : X ^ (Y) is a neighbourhood scheme and A C X, Af{A) denotes IJ M{x). 
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Proposition 1 Af^^B) ^ A if and only if for every v,w G Ex, va = wa implies f{v)B = 
Nj*{A) CB if and only if {Y\B) CX\A. 

Let us now assume / is a bijection. This introduces two new neighbourhood schemes into play, namely A/'j^i and 
■l^J*~i- It is of the utmost importance to stress the following point, as counter-intuitive as it may seem: whereas Mj* 
is trivially deducible from My — they both define the same graph — there is very little to no relation between A/'J~ 
and A/'j~i, and we should not be looking for one. A striking example is given is section BlI Al 

Let us now construct the quantization Q{f) more formally. For 5' C X U F, let TLs be a Hilbert space having 
an orthonormal basis indexed by S5. We will use the usual Dirac notation, so that the elements of these bases 
will be denoted \v) for v £ S5. Whenever S is the disjoint union of S'l and 6*2, we have a natural identification 
TLs = TCsi ® '^52 J where is identified with \vsi) <8i I^Sa)- These Hilbert spaces are slightly unusual, as they are 
typically nonseparable, but that should not prevent us from going on. / induces by linearization a unitary morphism 
Qif) '■ 'Hy defined by Q{f)\v) = \f(v)). As is usual in quantum mechanics, it induces a transformation 

of observables, i.e., bounded operators B on Hy to bounded operators on Hx, by adQ(j) : B 1-^ Q{f)^^BQ{f). 
This is the so-called Heisenberg picture of time evolution. We could also have used the dual "Schrodinger" picture, 
in which the transormation acts on states rather than observables, but for the discussion of localization issues the 
Heisenberg picture has definite advantages. The quantum counterpart of "functions depending only on the restricted 
configuration ws" are the so-called local algebras As, consisting of operators "localized in 5". By this we mean any 
bounded operator on Hs, extended in a particular way to an operator on the whole system Hx or Hy- Indeed, if S 
is the disjoint union of S'l and 52, Hs is isomorphic to the Hilbert space tensor product Hsi ®Hs2- Hence if we split 
Y = S yj S' with S' the required complement, we can identify B with B ® id-^^, acting on Hy . From this definition 
it is clear that the matrix elements of an operator B e As satisfy 



where 5 is the Kronecker-Delta vanishing exactly when vs' 7^ ws', a-nd the subscripts on the scalar products indicate 
the Hilbert space {Hy, resp. Hs) in which they are taken. Technically, from the functional analytic point of view, 
we only use here that the tensor product of Hilbert spaces is well-defined also for non-separable spaces. Nevertheless, 
some readers may feel more comfortable with a "tame" situation in which we assume 

• X and Y are countable, and 

• for aU s G X U y, is finite. 

• for all X e X , Mj* (x) and A/'j~i {x) are finite, and 

• for all y &Y, My (y) and Mjli (y) are finite. 

In this case one can effectively work with the finite dimensional algebras of operators on Hs with finite S. The 
operator norm closure of this increasing net of finite dimensional algebras is then known as the quasi-local algebra 
Ay, and is the arena in which the theory of quantum cellular automata is built in |SW04| . While the Hilbert space 
Hy constructed above would be non-separable, even in the tame case, the quasi-local algebra will be separable and 
quite manageable. Under the hypotheses we made on the finiteness of the neighbourhood schemes, adQ(j) is an 

iso mor phism from the quasi- local algebra A!^ to the quasi-local algebra The proof of that is essentially done 



Definition 2 The quantum dependency neighbourhood scheme of f , denoted Mq, f^, is defined as follows. For y G Y, 



For B CY, Mq(^j:-j{B), defined as Uyes ^Q{f)(y)^ equal, as can be expected, to the smallest subset S of X such 
that adQ(/) (Ab) C As- 

Proposition 2 For A fZ X and B CY with B finite, Q{f) [Ab) -A-a if and only if 



{v\B\w)y = {vs\B\ws)s 5vs,,ws,^ 




J^Qif \{y) is the smallest subset S of X such that adQ(y) (^j,) C As 




f{v)y\B = f{w)y\B- 
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Proof: For v,v' G Ex and w^w' € E^, let q{v,v' ,w,w') be (z;|adQ(^) {\w){w'\) \v'). We have 



otherwise 

(5(/) (Ab) ^ if and only if q has the following property: for every w,w', q(v,v' ,w,w') is equal to 
when vx\A 7^ ''^x\A' ^^'^ '^^^^ depends only on va and u^. 

Suppose the three points of Prop.[5]are true. Suppose vx\a 7^ ^x\A- Since A/^^i (i?) C A, then /(w)y\B 
f{v')Y\Bj so q{v,v' ,w,w') = 0. If we assume, on the contrary, = '^'x\A^ then it is enough to know 

Va and v'^ to determine whether f{v)Y\B = fW)Y\B- Moreover, as J\fy{B) is included in A, we can also, 
with the same information, know f{v)B and f{v')B, which allows us to know q{x,x' ,y^y'). 
For the reciprocal, let us now assume Q{f) (Ab) Q Aa- 

(1) Let v,v' G Ejf be words coinciding on A. According to Prop. [1] we need to prove f{v)B = f{v')B- 
First, q {v, v, f{v)B, /(w)b)) = 1- But, by hypothesis, since = va, we get q {v', v' , f {v)B,f{v)B) = 
1, which means f{v)B = f{v')B- 

(2) Let V, v' G Ex be words such that f{v) and f(v') coincide on y \ U. According to Prop.[l] we need 
to prove vx\A ~ ''^'x\A- That is clearly true, since q (u, w', f{v)B, f{v')B) = 1- 

(3) Let V and v' be words in Ex such that Vx\a — ^'x\A- Then q{v,v' , f{v)B, f{v')B) = 1 if and only 
if f{v)x\B = f{'U-')x\B- Can this quantity be determined knowing only va and u^? Yes: because 
Afj* (B) <Z A, w and w' are determined by va and w^; and for any fixed w,w' G Eg, q{v,v' ,w,w') 
depends only on va and v'j^. 

□ 



II. THEOREMS 

The quantum neighbourhood schemes, as opposed to the classical ones, are all tightly connected, as is stated by 
the following proposition. 

Proposition 3 A/'^^j ^^Q(f^'^) 

Proof: J^Q(f){B) C A is equivalent to Aa C Q {f~^) (Ab)- Since Ay\b commutes with Ab, their images by 
adQ(j-i) also have to commute. The quasi-local has the property that when S is the disjoint union os S'l 
and 5*2, then the commutant of in As is As2- In our case, we get that Q (/~^) {Ay\b) is included in 
Ax\A, which means ■^q(/-i)(-^) ^ A. 

a 

In order to give our first bound on the quantum neighbourhood, we need to introduce a bit of notation. If 
TVi : X ^ <p (y) and 7V2 : y <p (Z) are two neighbourhood schemes, then M2 o Mi : X -> '^{Z) is defined by 

M2oMi{x)^ U ^2{y)- 

Proposition 4 Mf UMjli C Mgf^j-^ C (m^ o Mj* (-^/^i o Mpi ° M'f^ 

Proof: The first inclusion follows immediately from points (1) and (2) of Prop. [T] The inclusion J^q^^f) C 
{j^y oTV^ j^^* ^ translation in our present formalism of lemma 4 of SW04| . and lemma 3.2 

of [ANOSj . The last inclusion AA^y^ C (^Mj^i o Mjli o Mf^ is then obtained by applying Prop. [3] □ 

Theorem 1 Let n he a positive integer, Xi, . . . , X„+i some sets, and for i G [[1; n]], fi a bijection from Ex^ to Exj^^ ■ 
Then 



■^Q(/„o...o/,) C U AOV_^o...o/, oMg^f^^ OM- 



c) (/,i0---0/fc + i)- 

fe = l 
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Proof: For k e [[l;n]], let V, be A/',7_,o...o/, oA/"-^.^^ ° -^(7„o...o/.^,)- ' ''^^ ^ ^ Vfc. 



1 



(1) Since A/}7 c A^^^^^, then AA;;,...,^.^ c AA;;_^,...„^^ oM}; c AA;;_^,...,^.^ °-^w„) = "l^" ^ 

(2) Since A/'t^i C WX:, s, then A/r; , , _ i C A/'t! i o A/t; , ,_i C AC^;. ^ o 7V,7 , , i = Vi C V. 

(3) Let X G Xn+i- Suppose tj and w are words in Sxi, of which we know wv(2;)! ^^v(x) ^^^id I'XiXVCa:) = 
wxi\v(,x)- Let us prove that this information is enough to determine whether fn°- ■ ■°/i(w)x„+i\{a;} = 

/n o • ■ ■ o /l(w)x„+i\{x}- 

Since Vi C V, according to Prop.[2]we know whether and /i (w) coincide on X2\MfJ ^ yi {x). 
If this fails to be true, then according to Prop. [1] we know /„ o • • • o /i(w)x„+i\{x} 7^ fn ° ■ ■ ■ ° 
/i(w)x„+i\{x}: so the question is settled. We can therefore assume it is true. Since V2 Q V, according 
to Prop.[T]we know the restrictions of fi{v) and fi{'w) on J^Q(^f^) °'^{f o - o/a)-! (^)- proceed 
to the next step. Indeed, we now are in the situation where we know the restrictions of /i(w) and 
fi{w) to J^Qi^f^-j ° -^ij ^ ^j:,yiix), and we also know they coincide on its complement. On one 
hand, according to Prop. [21 this is enough to know whether /2 o fi{v) and /2 o fi{w) coincide on 
X2, \ o of which we can assume to be true, for the question is settled if this is false. On 

the other hand, according to Prop.[Tl and since V3 C V, we can determine the restrictions of f2°fi{v) 
and /2 o fi{w) to J^q^f^) ° "^{f o 0/ ^i^d so on: by induction, we get in the end that it can 

be determined whether /„ o • • • o /i(u)x„+i\{a;} = /n o • ■ ■ o fi{w)x„+i\{x}- 

a 



What comes out of this theorem is that there are essentially two ways a message can be transmitted and then carried 
on. The first one we will call the nice way: it follows the dependency graph of /, so it could also be transmitted by 
/ itself, it is a purely classical message. The other way we will call nasty. It follows the reverse dependency graph 
of /^^, and as such has no classical counterpart — at least not an obvious one. Moreover, the order in which these 
occur in an interrupted transmission is fixed: first nice, then nasty, and in-between, only one step needs to be fully 
quantum. 



III. OPTIMALITY 



In this section we will focus exclusively on one-dimensional reversible cellular automata. That means from now on 
we will have X = Z, / : Ejc Ex, and everything commutes to the shift 77, 1-^ n -I- 1 on Z; so for every n £ Z, E„ is 
equal to some fixed alphabet E, the shift on Z induces a shift a on E^ and f o a = a o f . On top of that we assume 
that 7V^(0) is finite, and voila! We have the usual definition of a one-dimensional reversible cellular automaton. 
Their quantizations are quantum reversible cellular automata (RQCA) as introduced in |SW04| . Our concern with 
neighbourhood schemes ech oes is in this ca se related to the block deco mposition of cellular automata, as they are 
studied, in the classical, in |Kar99l . lKar96j . or in the quantum case in jANWOTf . Indeed, decomposing a cellular 
automaton into local reversible blocks is a quite similar feat in the classical and quantum models, as any classical 
reversible block can be immediately linearized into a permutation matrix, and therefore define a quantum cellular 
automaton with the same block decomposition. In this respect, understanding the neighbourhood of the quantization 
of a classical cellular automaton gives some information on its possible block decompositions. 

In many relevant cases theorem [T] gives us an optimal bound on the asymptotical rate of growth of the quantum 
neighbourhood, as is shown by the following corollary. 

Corollary 1 Suppose A = F = Z, / : Ex ^ and for all n G Z, 
• J\fJ'{n) C [ri — a; 72 + /3]] and 

Then -^q^fk-^i^) ^ [[^(^ + 1) max (a, 5) — min (/3, 7) ; (fc -f 1) max (/?, 7) + min (a, 5)\ 

Assuming a, /3, 7 and 5 are all nonnegative, we get asymptotically hm \-^Q(fk) ^ -^f^ U A/"^!, a bound which 
clearly cannot be improved on, since we always have NT UJVtIi C Nq,^. (cf Prop. [3]). 
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To this point, the reader could rightfully think "well, that is certainly intriguing, but what is there to tell me that this 
is not some elaborate plot to make me think something nontrivial happens when quantizing these functions, whereas 
nothing actually happens, -^q^f) is always equal to A/j" U A/^^i, and even that is just an artefact of mathematical 
trickery, having little to do with actual transmission of information?" . Indeed, that is certainly compatible with 
everything that has been said in section |TT1 but we are going to prove that our results cannot be much improved. 

We will use the following notations: for subsets A and B oi "L, A + B is the Minkowski sum of A and B, i.e. 
{a + h/ a ^ A,b £ B}; —A denotes {— a/aeA}. We have the following relations: N^{n) = {n} + Afp{Q) and 

AAr(o) = -AAr(o). 



A. Pure Nastiness 



As the nice way for a RQCA to transmit information is probably unimpressive, let us start directly with a "pure" 
exemple of nasty communication. 

Let S = {Z/2iy. For X e S, a:* denotes its z-th component. We define a cellular automaton Jk on this cell 
structure in the following way: 



MvTo 



vl + vl+^ if i < fc 
vl if i = fc 



In other words, Jk {v)o = (wq + v^^Vq + vI,Vq + vf, . . . ,Vq ^ + Vi,vl). Let us check that Jk is a reversible cellular 
automaton such that J\fy{Q) = [[0; 1]] and A/'pi(0) = [[— fc; —1]]. Let Kk be the automaton defined by the following 

formula: Kk{v)Q = v'L^ + J2 ^'i-i- We are going to prove that Kk = Jk^- 



Hence Jk is reversible and I<k = J^T^ Clearly, JVy^{0) = [[0; 1} and AA^JO) = A/^JIi (0) = [[-fc; -1| 

Let us now apply a protocol described in AN08| |. Let v be the zero word defined by f ^ = for all n e N and 



i £ [[1; fc]], and w defined by ~ Sin- It is easily checked that f{v) is also the zero word, whereas f(w)n — Sno^ik- 
The point is that /(f) and f{w) coincide on Z\ {0}, whereas Vk 7^ Wk- Now, imagine Alice and Bob live in X, and are 
actually confined respectively to fc and 0, and that the dynamics of their universe, that is X, is described by Jk- That 
is certainly an unusual, rather uncomfortable situation, but Alice and Bob have seen worse. Now, Alice would like to 
send a message to Bob; she certainly can do it, and the message would take fc units of time to arrive to Bob. However, 
if this were a quantum world, whose dynamics were ruled by Q(/), then she could send a much faster message, 
provided there is some prior shared entanglement. Indeed, assume the initial state is the pure \4>+) = {\v) + \w))- 
Since Alice is at a place where she can distinguish v from w, she can, by applying a local phase shift, switch at will 
from to = {\v) — \w)). One time step later, the world is in the pure state \(j>±) — (|/(f)) i \f{w))). 
Since f{v) and f(w) coincide outside Bob's place, where they are equal to zero, one can write \4>±) = |0) (8) \'^±), 
where ip± is totally accessible to Bob, so that he can easily decide, with local operations, whether Alice sent or 
\ip-)- Alice was thus able to transmit one bit of information to Bob in just one time step. 

Proposition 5 For every n e Np{0) =[[0;n]], A/'p„(0) =[[-fcn;-n]], TVr: ,„s(0) = [[0; fcnj. 

Proof: For n ~ 1, the first two equalities have already been proven, and the third one is an immediate consequence 
of Prop. [4] It is not much harder to prove for n > 1. □ 
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Notice that the bound given in this case by theorem [T] is also optimal. This automaton thus provides us with a pure 
example, where the light cone of the quantized automaton is just the reunion of the classical light cone and the nasty 
dual one. Obviously, as k increases, the relative difference between the classical cone and the quantum one can be 
made arbitrarily large. It can also be easily symmetrized, by taking S = (Z/2Z)^'^, applying Jk on the first k entries, 
and the symmetrized of Jk on the others. 



B. TofFoli Automaton 

The Toffoli automaton presented in [ANWOSt (definition 12) is an exemple illustrating the optimality of Prop. U) 
It is defined by S = {Z/2Zf and T{v)o = (wq + v°v^,v°). 

Proposition 6 J^f{0) =[[0;ll, 7Vjii(0) =[[-f;0]] and ^^^^^{0) =[[-l;2]]. 

Proof: Cf [ANWOS^ . □ 



For any cellular automaton /, if7V^(0) = [[0; fcj] and TV^i (0) =[[-fc;0]], then it follows from Prop. |4]that A/"^^^ (0) C 
J— fc; 2fc]]. The Toffoli automaton can be easily "expanded" to cover this interval, just by juxtaposing k copies of it; 
let us call the automaton thus obtained Tk- They optimally breach the classical speed of light, under the condition 
that the reverse dynamics has not a greater neighbourhood than the forwards dynamics, as was the case of Jk in 
section nil Al 

This automaton has one "drawback" , though: instead of growing linearly as could be expected, the quantum halo 
going past the wall of light has a constant width when iterating Tk- Couldn't that be fixed? Actually, no, according to 
theorem[T] Indeed, it follows immediately from it that any composition of n automata having the same neighbourhood 
scheme as Tk must have a quantum neighbourhood scheme included into [[— fc; (?i + 1) /cj, which is attained by Tk. 

C. Combination 

We would now like to use Jk as a sling and Ti as a projectile, in order to combine their own optimalitics. 
Let us define JTk^i on the alphabet (^{Z/2Zf^^ in the following way: 

This automaton has the neighbourhood scheme defined by Af'j^^ ^(0) = [[0;/ + !]]. Its inverse is defined by 
iJT)k} {v% - + E and we have M^^^, (0) = [-fc - I; -I]]. 

Its quantum neighbourhood is given by -^Q(jTki)(^) ~ 11^'^^ + 2/]], which again attains the upper bound from 
Prop. [4l Let us rename our variables, and pose x = I + 1 and y = k + I. We have a class of automata fx.y such 
that A/'£^^(0) = [[0; x]], AA^i (0) = [[— y; —I]] and J^Q(^f^ = 'i—x + 1; a; + y — Ij, which is optimal. Of course, this is 

subject to the conditions < a: < y. 
Superimposing these automata 

This is about as general as it gets, at least when considering neighbourhoods which arc intervals — we arc not 
going to discuss the case when the neighbourhood is disconnected, as anything and everything could then happen. 
Consider an arbitrary reversible cellular automaton / and suppose its neighbourhood and inverse neighbourhood are 
intervals. First, up to composition with a translation, it can be assumed My ~ [[0; x\ with a; > 0. Notice that if 
X = 0, then A/j^i as to be also equal to {0}, which makes everything rather trivial, so we will assume a; > 0. Let 
us write A/'j^i = \y] z]]; according to Prop. 31 is upper-bounded by [[— z — min(a;, y); x + y + min(0, z)\ We have just 
explained how attain this bound when y > x and z = —1. We can almost effortlessly remove some restriction on z. 
In order to do that, use the n-th iterate of Jk instead of Jk itself in the definition of JTk.i- We get an automaton / 
such that My = [[0; Z + n\ My = \~kn — l: — n]] and J^Q^f) ~ kn + 2Z|, which gives, after a change of variables. 
My = [0; a;]]. My = [[— y; zj and AAqj^^ = [[ — (a; + z); x + y + z]], which is optimal, and this thus attained under the 
conditions z < < x < y. 

The other cases can be treated similarly, it is just a matter of combining adequately automata J and T so as to 
exploit the right way of communication that will attain optimality. 



8 



Conclusion 

We have studied the way quantization affects the spatial dependency relations at an abstract level. We obtained 
formulas, both for a single step and a composition of steps, which are optimal. They point out to something unex- 
pected, at least from the point of view of the authors, who were genuinely trying to twiddle the Toffoli automaton to 
make it transmit information at a higher speed: it is not possible to do this kind of things. It is as though, entering 
the quantum world, Alice and Bob were given a weird tool, in addition the classical communication channel: the 
possibility to use a "quantum joker" which explodes in a halo, and changes the classical signal into this "nasty" kind 
of signal. 

Future works include of course a better understanding and description of this channel, which should made full use 
of a duality that is ever-present, if implicit, in this article: the one swapping, on one side, / and /^^, and on the 
other side ^ and It should also be possible to generalize this results by removing the conditions of countability 
on X and Y, maybe of finitcss of Sa, ioi x G X U Y, and certainly of finitcss of the neighbourhoods schemes. 
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